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Abstract

A practical second-order inelastic analysis of three-dimensional steel frames subjected to

distributed load is developed. This analysis realistically assesses both strength and behavior of a

structural system and its component members in a direct manner. To capture second-order effects

associated with PKd and PKD, stability functions are used to minimize modeling and solution time.

The Column Research Council (CRC) tangent modulus concept is used to account for gradual yielding

due to residual stresses. A softening plastic hinge model is used to represent the degradation from

elastic to zero stiffness associated with development of a hinge. In proposed analysis, a member has

two elements and three nodal points. A plastic hinge location can be captured in analysis as the internal

nodal point traces the maximum moment location at each load step. Maximum moments and load–

displacements predicted by the proposed analysis compare well with those given by other approaches.
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1. Introduction

Over the past twenty years, many researchers have developed and validated various

methods of performing second-order inelastic analyses on steel frames. Most of these studies

may be categorized into one of two types: (1) plastic-zone; or (2) plastic-hinge, based on the

degree of refinement used to represent yielding. The plastic-zone method uses the highest

refinement while the elastic–plastic hinge method allows for a significant simplification.

In the plastic-zone method, a frame member is discretized into finite elements, and the

cross-section of each finite element is subdivided into many fibers [1–4]. The deflection at

each division along the member is obtained by numerical integration. The incremental load-

deflection response at each load step, with updated geometry, captures the second-order

effects. The residual stress in each fiber is assumed constant since the fibers are sufficiently

small. The stress state of each fiber can be explicitly determined, and the gradual spread of

yielding traced. A plastic-zone analysis eliminates the need for separate member capacity

checks since second-order effects, the spread of plasticity, and residual stresses are

accounted for directly. As a result, a plastic-zone solution is considered ‘exact.’ Although

the plastic-zone solution may be considered ‘exact,’ it is not conducive to daily use in

engineering design, because it is too computationally intensive and too costly.

A more simple and efficient way to represent inelasticity in frames is the elastic–plastic

hinge method. Here the element remains elastic except at its ends where zero-length plastic

hinges form. This method accounts for inelasticity but not the spread of yielding through the

section or between the hinges. The effect of residual stresses between hinges is not

accounted for either. The geometric nonlinearities are considered by stability functions

using only one beam-column element to define the second-order effect of an individual

member so that they are an efficient and economical method in frame analysis. The elastic–

plastic hinge method has distinct advantage over the plastic-zone method for slender

members (whose dominant mode of failure is elastic instability) as it compares well with

plastic-zone solutions. However, for stocky members (which sustain significant yielding),

it over-predicts the capacity of members as it neglects to consider the gradual reduction

of stiffness as yielding progresses through and along the member. Consequently,

modifications must be made before this method can be proposed for a wide range of

framed structures.

The refined plastic-hinge analysis, based on simple refinements of the elastic–plastic

hinge model, has been proposed for plane frame analysis in recent works [5–13]. The

analysis overcomes difficulty of the elastic–plastic hinge method. Orbison, Prakash and

Powell and Liew and Tang [14–16], and Kim et al. (2000) have proposed for second-order

inelastic analysis methods for the three-dimensional structures. However, these analysis

methods are based on the assumption that the plastic hinge occurs only at the member ends.

When a member is subjected to distributed loads, a plastic hinge may occur within the

member as well as at the member ends. The assumption that the plastic hinge occurs only at

the member ends is no longer valid. Wong [17] has introduced a moving node tracing the

location of the internal plastic hinge which is the location of maximum bending moment.

However, Wong’s method uses an elasto-plastic analysis ignoring geometric nonlinear

effects. The exact location of the internal plastic hinge should be calculated considering not

only inelasticity but also second-order (PKd) effect.
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In this paper, a practical second-order inelastic analysis of three-dimensional steel frame

subjected to linearly varying distributed lateral loads is developed. The material

nonlinearity is considered by using CRC tangent modulus and a parabolic function. The

geometric nonlinearity is considered by stability functions accounting for the interaction

between axial force and bending moment. The internal nodal point traces the maximum

moment location at each load step so that a plastic hinge location can be captured in analysis.
2. Practical second-order inelastic analysis

A practical second-order inelastic analysis of three-dimensional steel frames subjected to

linearly varying distributed lateral loads will be presented. This analysis accounts for both

geometric and material nonlinearities. The geometric nonlinearities include PKd effect and

PKD effect. Stability functions are used to account for PKd effect indicating additional

moment induced by the axial force applied on a deflected member. Element stiffness matrix

take into account PKD effect indicating additional moment produced by the gravity loads

applied on the swayed frame. The material nonlinearities include gradual yielding of steel

associated with flexure and residual stresses. The moving node concept is used to trace the

plastic hinge location within a member.

2.1. Basic assumptions

The following assumptions are used for modeling of a beam-column element.
(1)
 All elements are initially straight and prismatic. Plane cross-section remains plane

after deformation.
(2)
 Local buckling and lateral–torsional buckling are not considered. All members are

assumed to be fully compact and adequately braced.
(3)
 Large displacements are allowed, but strains are small.
(4)
 The element stiffness formulation is based on beam-column stability functions

considering axial and bending deformations.
(5)
 Strain hardening is not considered. Plastic hinges cannot sustain additional loads.
(6)
 Reduction of torsional and shear stiffnesses is not considered in plastic hinge.
2.2. Planar beam-column subjected to distributed lateral loads

Considering the prismatic beam-column element subjected to linearly varying

distributed lateral loads as incremental in Fig. 1, the incremental force–displacement

relationship of this element may be written as

_MA

_MB

_P

8>><
>>:

9>>=
>>; Z

EI

L

S1 S2 0

S2 S1 0

0 0
A

I

2
6664

3
7775

_qA

_qB

_d

8>><
>>:

9>>=
>>;C

_MFA

_MFB

0

8>><
>>:

9>>=
>>; (1)

where



Fig. 1. Beam-column subjected to incremental distributed lateral load.
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_MA, _MB
 incremental end moments

_P
 incremental axial force
S1, S2
 stability functions

_qA, _qB
 incremental joint rotations

_d
 incremental axial displacement

_MFA, _MFB
 incremental fixed-end moments
A, I, L
 area, moment of inertia, and length of beam-column element
E
 modulus of elasticity.
2.3. Stability functions accounting for PKd effect

To capture PKd effects, stability functions are used to minimize modeling and solution time.

Generally only one or two elements are needed per member. The simplified stability functions

reported by [18] are used here. The stability functions given by Eq. (1) may be written as
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where rZP=ðp2EI=L2Þ, P is positive in tension.
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The numerical solutions obtained from Eqs. (2) and (3) are indeterminate when the

axial force is zero. To circumvent this problem and to avoid the use of different

expressions for S1 and S2 for a different sign in axial forces, Lui and Chen [19] have

proposed a set of expressions that use power-series expansions to approximate the stability

functions. The power-series expressions have been shown to converge to a high degree of

accuracy within the first ten terms of the series expansions. Alternatively, if the axial force

in the member falls within the range K2.0%r%2.0, the following simplified expressions

may be used to closely approximate the stability functions:

S1 Z 4 C
2p2r

15
K

ð0:01r C0:543Þr2

4 Cr
C

ð0:004r C0:285Þr2

8:183 Cr
(4)
S2 Z 2 K
p2r

30
C

ð0:01r C0:543Þr2

4 Cr
K

ð0:004r C0:285Þr2

8:183 Cr
(5)

Eqs. (4) and (5) are applicable for members in tension (positive P) and compression

(negative P). For most practical applications, Eqs. (4) and (5) give an excellent agreement

to the ‘exact’ expressions given by Eqs. (2) and (3). However, for r other than the range of

K2.0%r%2.0, the conventional stability functions (Eqs. (2) and (3)) should be used. The

stability function approach uses only one element per member and maintains accuracy in

the element stiffness terms and in the recovery of element end forces for all ranges of axial

loads.
2.4. Fixed end moments of a beam-column subjected to distributed lateral loads

The incremental fixed-end moments of a beam-column subjected to the axial force and

linearly varying distributed lateral load shown in Fig. 1 may be written as

If P!0 then,

_MFA Z
12 _wað1 Kcos kLÞC ðkLÞ2ð _wa C2 _wbÞK ðkLÞð9 _wa C3 _wbÞsin kL

12k2ðkL cosð0:5kLÞK2 sinð0:5kLÞÞsinð0:5kLÞ

C
ðkLÞ2ð2 _wa C _wbÞcos kL

12k2ðkL cosð0:5kLÞK2 sinð0:5kLÞÞsinð0:5kLÞ
(6a)
_MFB Z
12 _wbðcos kL K1ÞK ðkLÞ2ð2 _wa C _wbÞC ðkLÞð3 _wa C9 _wbÞsin kL

12k2ðkL cosð0:5kLÞK2 sinð0:5kLÞÞsinð0:5kLÞ

K
ðkLÞ2ð _wa C2 _wbÞcos kL

12k2ðkL cosð0:5kLÞK2 sinð0:5kLÞÞsinð0:5kLÞ
(6b)
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If PO0 then,

_MFA Z
12 _wað1 Kcosh kLÞK ðkLÞ2ð _wa C2 _wbÞC ðkLÞð9 _wa C3 _wbÞsinh kL

12k2ðkL coshð0:5kLÞK2 sinhð0:5kLÞÞsinhð0:5kLÞ

K
ðkLÞ2ð2 _wa C _wbÞcosh kL

12k2ðkL coshð0:5kLÞK2 sinhð0:5kLÞÞsinhð0:5kLÞ
(7a)

_MFB Z
12 _wbðcosh kL K1ÞC ðkLÞ2ð2 _wa C _wbÞK ðkLÞð3 _wa C9 _wbÞsinh kL

12k2ðkL coshð0:5kLÞK2 sinhð0:5kLÞÞsinhð0:5kLÞ

C
ðkLÞ2ð _wa C2 _wbÞcosh kL

12k2ðkL coshð0:5kLÞK2 sinhð0:5kLÞÞsinhð0:5kLÞ
(7b)

where kZ
ffiffiffiffi
P
EI

q
.

The numerical solutions obtained from Eqs. (6a), (6b), (7a) and (7b) are indeterminate

when the axial force is zero. The following power series expansion are used:

_MFA ZK
ð3wa C2wbÞL

2

60
C

ð19wa C16wbÞk
2L4

25; 200
K

ð13wa C12wbÞk
4L6

756; 000
(8)
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ð2wa C3wbÞL

2

60
K

ð16wa C19wbÞk
2L4

25; 200
C

ð12wa C13wbÞk
4L6

756; 000
(9)
2.5. Space beam-column subjected to distributed lateral loads

The incremental force–displacement equation may be extended for a three-dimensional

beam-column element as
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(10)

where _P, _MyA, _MyB, _MzA, _MzB, and _T are incremental axial force, incremental end

moments with respect to y and z axis and incremental torsion, respectively. _d, _qyA, _qyB, _qzA,
_qzB, and _f are the incremental axial displacement, the incremental joint rotations, and the

incremental angle of twist. S1, S2, S3, and S4 are the stability functions with respect to y and

z axis, respectively.
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2.6. CRC Tangent modulus model associated with residual stresses

The CRC tangent modulus concept is used to account for gradual yielding due to

residual stresses along the length of axially loaded members between plastic hinges. The

elastic modulus E (instead of moment of inertia I) is reduced to account for the reduction

of the elastic portion of the cross-section since the reduction of the elastic modulus is

easier to implement than a new moment of inertia for every different section. The rate of

reduction in stiffness is different in the weak- and strong-directions, but this is not

considered since the dramatic degradation of weak-axis stiffness is compensated for by the

substantial weak-axis plastic strength [8]. This simplification makes the proposed method

practical. From [18], the CRC Et is written as

Et Z 1:0E for P%0:5Py (11a)

Et Z 4
P

Py

E 1 K
P

Py

� �
for PO0:5Py (11b)

2.7. Parabolic function for gradual yielding due to flexure

The tangent modulus model is suitable for an element subjected to axial force, but not

adequate for cases of both axial force and bending moment. A gradual stiffness

degradation model for a plastic hinge is required to represent the partial plastification

effects associated with bending. We shall introduce a softening plastic hinge model to

represent the degradation from elastic to zero stiffness associated with development of a

hinge. When softening plastic hinges are active at both ends of an element, the incremental

force–displacement equation may be modified as
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kiiy Z hA S1 K
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kijy Z hAhBS2
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kjjy Z hB S1 K
S2

2

S1

ð1 KhAÞ

� �
EtIy

L
(13c)

kiiz Z hA S3 K
S2

4

S3

ð1 KhBÞ
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EtIz

L
(13d)

kijz Z hAhBS4

EtIz

L
(13e)

kjjz Z hB S3 K
S2

4

S3

ð1 KhAÞ

� �
EtIz

L
: (13f)

The terms hA and hB is a scalar parameter that allows for gradual inelastic stiffness

reduction of the element associated with plastification at end A and B. This term is equal to

1.0 when the element is elastic, and zero when a plastic hinge is formed. The parameter h

is assumed to vary according to the parabolic function:

h Z 1:0 for a%0:5 (14a)

h Z 4að1 KaÞ for aO0:5 (14b)

where a is a force-state parameter that measures the magnitude of axial force and bending

moment at the element end. The term a may be expressed by AISC-LRFD and Orbison,

respectively:

2.7.1. AISC-LRFD

Based on AISC-LRFD bilinear interaction equation [20,21], the cross-section plastic

strength of the beam-column member may be expressed

a Z
P

Py

C
8

9

My

Myp

C
8

9

Mz

Mzp

for
P

Py

R
2

9

My

Myp

C
2

9

Mz

Mzp

(15)

a Z
P

2Py

C
My

Myp

C
Mz

Mzp

for
P

Py

!
2

9

My

Myp

C
2

9

Mz

Mzp

(16)
2.7.2. Orbison

Orbison’s full plastification surface [14] of cross-section is given by

a Z 1:15p2 Cm2
z Cm4

y C3:67p2m2
z C3:0p6m2

y C4:65m4
z m2

y (17)

Where pZP/Py, mzZMz/Mpz (strong-axis), myZMy/Mpy (weak-axis).

Initial yielding is assumed to occur based on a yield surface that has the same shape as

the full plastification surface and with the force-state parameter denoted as a0Z0.5. If the

forces change so the force point moves inside or along the initial yield surface, the element

is assumed to remain fully elastic with no stiffness reduction. If the force point moves

beyond the initial yield surface, the element stiffness is reduced to account for the effect of

plastification at the element end.
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2.8. Shear deformation

The stiffness coefficients should be modified to account for the effect of the additional

flexural shear deformation in a beam-column element. The flexural flexibility matrix can

be obtained by inversing the flexural stiffness matrix as

_qMA

_qMB

( )
Z

kjj

kiikjj Kk2
ij

K
kij

kiikjj Kk2
ij

K
kij

kiikjj Kk2
ij

kii

kiikjj Kk2
ij

2
664

3
775 _MA

_MB

( )
(18)

where kii, kij, and kjj are the elements of stiffness matrix in a planar beam-column. _qMA and
_qMB are the incremental slope of the neutral axis due to bending moment. The flexibility

matrix corresponding to flexural shear deformation may be written as

_qSA

_qSB

( )
Z

1

GAs

1

GAs
1

GAs

1

GAs

2
664

3
775 _MA

_MB

( )
(19)

where GAs and L are shear rigidity and length of the beam-column, respectively.

Incremental rotation at the A and B is obtained by combining Eqs. (18) and (19) as

_qA

_qB

( )
Z

_qMA

_qMB

( )
C

_qSA

_qSB

( )
(20)

The incremental force–displacement relationship including flexural shear deformation

is obtained by inversing the flexibility matrix as

_MA

_MB

( )
Z

kiikjj Kk2
ij CkiiAsGL

kii Ckjj C2kij CAsGL

Kkiikjj Ck2
ij CkijAsGL

kii Ckjj C2kij CAsGL

Kkiikjj Ck2
ij CkijAsGL

kii Ckjj C2kij CAsGL

kiikjj Kk2
ij CkjjAsGL

kii Ckjj C2kij CAsGL

2
6664

3
7775

_qA

_qB

( )
(21)

The incremental force–displacement equation may be expanded for the three-

dimensional beam-column element as

_P

_MyA

_MyB

_MzA

_MzB

_T

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

Z

EtA

L
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0 0 0 Ciiz Cijz 0

0 0 0 Cijz Cjjz 0

0 0 0 0 0
GJ

L

2
6666666666664

3
7777777777775

_d

_qyA

_qyB

_qzA

_qzB

_f

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

C

0

_MyFA

_MyFB

_MzFA

_MzFB

0

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

(22)

in which
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Ciiy Z
kiiykjjy Kk2

ijy CkiiyAszGL

kiiy Ckjjy C2kijy CAszGL
(23a)

Cijy Z
Kkiiykjjy Ck2

ijy CkijyAszGL

kiiy Ckjjy C2kijy CAszGL
(23b)

Cjjy Z
kiiykjjy Kk2

ijy CkjjyAszGL

kiiy Ckjjy C2kijy CAszGL
(23c)

Ciiz Z
kiizkjjz Kk2

ijz CkiizAsyGL

kiiz Ckjjz C2kijz CAsyGL
(23d)

Cijz Z
Kkiizkjjz Ck2

ijz CkijzAsyGL

kiiz Ckjjz C2kijz CAsyGL
(23e)

Cjjz Z
kiizkjjz Kk2

ijz CkjjzAsyGL

kiiz Ckjjz C2kijz CAsyGL
(23f)

where Asy and Asz are the effective shear flexure shear areas with respect to y and z axes,

respectively.

The incremental force–displacement relationship from Eq. (22) may be symbolically

written as

f _f eg Z ½Ke�f _deg (24)

in which f _f eg and f _deg are the incremental end force and incremental displacement, and

[Ke] is the tangent stiffness matrix.
2.9. Element stiffness matrix accounting for PKD effect

The incremental end forces and end displacements used in Eq. (22) are shown in

Fig. 2(a). The sign convention for the positive directions of element end forces and end

displacements of a beam-column element is shown in Fig. 2(b). By comparing the two

figures, we can express the equilibrium and kinematic relationships in symbolic form as

f _f ng Z ½T�T6!12f _f eg (25)

f _deg Z ½T�6!12f _dLg (26)

f _f ng and f _dLg are the incremental end force and displacement vectors of a beam-column

element expressed as

f _f ng
T Z rn1 rn2 rn3 rn4 rn5 rn6 rn7 rn8 rn9 rn10 rn11 rn12

� �
(27a)



Fig. 2. Notation of element end forces and displacements.
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f _dLg
T Z d1 d2 d3 d4 d5 d6 d7 d8 d9 d10 d11 d12

� �
(27b)

f _f eg and f _deg are the incremental end force and displacement vectors in Eq. (22).

[T]6!12 is a transformation matrix written as

½T�6!12 Z

K1 0 0 0 0 0 1 0 0 0 0 0

0 0 K
1

L
0 1 0 0 0

1

L
0 0 0

0 0 K
1

L
0 0 0 0 0

1

L
0 1 0

0
1

L
0 0 0 1 0 K

1

L
0 0 0 0

0
1

L
0 0 0 0 0 K

1

L
0 0 0 1

0 0 0 1 0 0 0 0 0 K1 0 0

2
666666666666664

3
777777777777775

: (28)

Using the transformation matrix by equilibrium and kinematic relations, the

incremental force–displacement relationship of a beam-column element may be written as

f _f ng Z ½Kn�f _dLg: (29)

[Kn] is the element stiffness matrix expressed as

½Kn�12!12 Z ½T�T6!12½Ke�6!6½T�6!12: (30)



S.-E. Kim, S.-H. Choi / Thin-Walled Structures 43 (2005) 135–160146
Eq. (30) can be subgrouped as

½Kn�12!12 Z
½Kn�1 ½Kn�2

½Kn�
T
2 ½Kn�3

" #
(31)

where

½Kn�1 Z

a 0 0 0 0 0

0 b 0 0 0 c

0 0 d 0 Ke 0

0 0 0 f 0 0

0 0 Ke 0 g 0

0 c 0 0 0 h

2
66666666664

3
77777777775

(32a)

½Kn�2 Z

Ka 0 0 0 0 0

0 Kb 0 0 0 c

0 0 Kd 0 Ke 0

0 0 0 Kf 0 0

0 0 e 0 i 0

0 Kc 0 0 0 j

2
66666666664

3
77777777775

(32b)

½Kn�3 Z

a 0 0 0 0 0

0 b 0 0 0 Kc

0 0 d 0 e 0

0 0 0 f 0 0

0 0 e 0 m 0

0 c 0 0 0 n

2
66666666664

3
77777777775

(32c)

where

a ¼
EtA

L
; b ¼

Ciiz þ 2Cijz þ Cjjz

L2
; c ¼

Ciiz þ Cijz

L
;

ffiffiffi
d

p
¼

Ciiy þ 2Cijy þ Cjjy

L2
; e ¼

Ciiy þ Cijy

L
; f ¼

GJ

L
; g ¼ Ciiy;

h ¼ Ciiz;
ffiffi
i

p
¼ Cijy; j ¼ Cijz; m ¼ Cjjy; n ¼ Cjjz ð33Þ

Eq. (31) is used to enforce no sidesway in the element. If the element is permitted to

sway, an additional axial and shear forces will be induced in the element. We can relate

this additional axial and shear forces due to an element sway to the element end
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displacements as

f _f sg Z ½Ks�f _dLg: (34)

where f _f sg, f _dLg, and ½Ks� are incremental end force vector, incremental end displacement

vector, and the element stiffness matrix. They may be written as

f _f sg
T Z rs1 rs2 rs3 rs4 rs5 rs6 rs7 rs8 rs9 rs10 rs11 rs12

� �
(35a)

f _dLg
T Z d1 d2 d3 d4 d5 d6 d7 d8 d9 d10 d11 d12

� �
(35b)

½Ks�12!12 Z
½Ks�s K½Ks�s

K½Ks�
T
s ½Ks�s

" #
(35c)

where

½Ks�s Z

0 a Kb 0 0 0

a c 0 0 0 0

Kb 0 c 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
66666666664

3
77777777775

(36)

and

a Z
MzA CMzB

L2
b Z

MyA CMyB

L2
c Z

P

L
: (37)

By combining Eqs. (29) and (34), we obtain the incremental force–displacement

relationship as

f _f Lg Z ½K�localf _dLg (38)

where

f _f Lg Z f _f ngC f _f sg (39)

½K�local Z ½Kn�C ½Ks�: (40)
2.10. Moving node strategy

When a member is subjected to distributed lateral loads, a plastic hinge may occur at

the member ends or within the member. The plastic hinge occurred within the member is

called an internal plastic hinge. The exact location of the internal plastic hinge varies

depending on the member end forces and distributed lateral loads. In this study, a member

has two elements and three nodal points shown in Fig. 3. This internal nodal point, that is

moving node, traces the location of maximum moment within a member where might be



Fig. 3. Beam-column member with moving node.
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the location of the plastic hinge when the member forces get to the yield surface. The

location of the moving node is calculated considering both 1st-order moment (primary

bending moment) and 2nd-order moment (PKd moment). The nonlinear displacement of

the member may be written as

If P!0 then,

y Z K
MB CMA cos kL

EIk2 sin kL
C

wb Kwa
acos kL

EIk4 sin kL

� �
sin kx

C
wa

EIk4
C

MA

EIk2

� �
cos kx C

wb Kwa

6LEIk2
x3 C

wa

2EIk2
x2 K

Lð2wa CwbÞ

6EIk2
x

C
MA CMB

LEIk2
x K

wb Kwa

LEIk4
x K

wa

EIk4
K

MA

EIk2
(41a)

If PO0 then,

y Z
MB CMA cosh kL

EIk2 sinh kL
C

wb Kwa
acosh kL

EIk4 sinh kL

� �
sinh kx

C
wa

EIk4
K

MA

EIk2

� �
cosh kx K

wb Kwa

6LEIk2
x3 K

wa

2EIk2
x2 C

Lð2wa CwbÞ

6EIk2
x

K
MA CMB

LEIk2
x K

wb Kwa

LEIk4
x K

wa

EIk4
C

MA

EIk2
(41b)

And the shear force may be written as

Vx ZKEIy000 (42)

where
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for P!0

y000 Z
kðMB CMA cos kLÞ

EI sin kL
K

wb Kwa
acos kL

EIk sin kL

� �
cos kx

C
wa CkMA

EI
sin kx C

wb Kwa

LEIk2
(43a)

for PO0

y000 Z
kðMB CMA cosh kLÞ

EI sinh kL
C

wb Kwa
acosh kL

EIk sinh kL

� �
cosh kx

C
wa KkMA

EI
sinh kx K

wb Kwa

LEIk2
(43b)

The location of moving node may be obtained by setting the shear force equal to zero.

The numerical technique of the bi-section method is used to calculate the location of x.

Fig. 4 shows the flowchart of the proposed method.
Fig. 4. Flowchart of the proposed method.



S.-E. Kim, S.-H. Choi / Thin-Walled Structures 43 (2005) 135–160150
2.11. Numerical implementation

The simple incremental method, as a direct nonlinear solution technique, is used in the

analysis. Its numerical procedure is straightforward in concept and implementation. The

advantage of this method is its computational efficiency. This is especially true when

the structure is loaded into the inelastic region since tracing the hinge-by-hinge formation

is required in the element stiffness formulation. For a finite increment size, this approach

only approximates the nonlinear structural response, and equilibrium between the external

applied loads and the internal element forces is not satisfied. To avoid this, an improved

incremental method is used in this program. The applied load increment is automatically

reduced to minimize the error when the change in the element stiffness parameter (Dh)

exceeds a defined tolerance.
3. Verifications

In the open literature, no available benchmark problems of space frames subjected to

distributed loads with moving node are available for verification study. One way to verify

the proposed analysis is to make separate verifications for the nonlinear behavior of the

space frame and for the effect of moving node.
3.1. Nonlinear behavior of space rigid frame

This verification study is performed to compare the load–displacement of the proposed

analysis method with that obtained by [14,16]. Fig. 5 shows a six-story space frame. The

yield strength of all members is 250 MPa (36 ksi) and Young’s modulus is 206,850 MPa
Fig. 5. Six-story space frame.



Table 2

Analysis result ignoring shear deformation

Method

Proposed Orbison’s

Plastic strength surface LRFD Orbison Orbison

Ultimate load factor 1.997 2.066 2.059

Displacement at A in y-direction 199 mm 208 mm 247 mm

Table 1

Analysis result considering shear deformation

Method

Proposed Liew’s

Plastic strength surface LRFD Orbison Orbison

Ultimate load factor 1.990 2.057 2.062

Displacement at A in y-direction 208 mm 219 mm 250 mm
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(30,000 ksi). Uniform floor pressure of 4.8 kN/m2 (100 psf) is converted into equivalent

concentrated loads applied on the top of the columns. Wind loads are simulated by point

loads of 26.7 kN (6 kips) in the Y-direction at every beam-column joints.

The load–displacements calculated by the proposed analysis compare well with those

of Liew and Tang (considering shear deformations) and Orbison (ignoring shear

deformations) (Tables 1 and 2, and Fig. 6). The ultimate load factors calculated from the

proposed analysis are 2.057 and 2.066. These values are very close to 2.062 and 2.059

calculated by Liew and Tang and Orbison, respectively.
Fig. 6. Comparison of load–displacement of six-story space frame.



Fig. 7. Simply supported beam-column. (a) Moving node. (b) Fixed node.
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3.2. Effects of moving node
3.2.1. Simply supported beam-column

Fig. 7 shows a simply supported beam-column subjected to linearly varying distributed

lateral loads. W16!77 of A36 steel is used for the analysis. Three analyses are carried out:

(1) second-order inelastic analysis with moving node (proposed); (2) second-order

inelastic analysis with fixed node in mid-span; (3) plastic zone analysis [22]. While the

analyses (1) and (3) use the moving node strategy tracing the maximum moment location,

the analysis (2) uses the fixed node not moving from the center of a member. The ultimate

load factors and the moving node locations are compared in Table 3. The ultimate load

factors obtained from the analyses (1), (2), and (3) are 0.642, 0.644, and 0.666,

respectively. The proposed analysis predicts precisely the ultimate load factor compared

with ABAQUS (error is 3.7%). While the maximum moment locations obtained from the

proposed analysis and ABAQUS are 2.68 and 2.67 m from point A with difference 0.4%,

the analysis (2) show 4.8% difference in the location compared to the ABAQUS result.
Table 3

Analysis result of simply supported beam-column

Method

Moving node method Fixed node method ABAQUS

Ultimate load factor 0.642 0.644 0.666

Location of moving node

from A

2.68 m 2.54 m 2.67 m



Fig. 8. Stress contour of simply supported beam-column.
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Stress contour obtained by ABAQUS is shown in Fig. 8. The load–displacements obtained

by three analyses are shown in Fig. 9.
3.2.2. Fixed-hinged beam-column

Fig. 10 shows a fixed-hinged beam-column subjected to linearly varying distributed

lateral load. W16!77 of A36 steel is used for the analysis. Three analyses are carried out:

(1) second-order inelastic analysis with moving node (proposed); (2) second-order
Fig. 9. Load–displacement of simply supported beam-column.



Fig. 10. Fixed-hinged beam-column (a) Moving node, (b) Fixed node.
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inelastic analysis with fixed node in mid-span; (3) plastic zone analysis [22]. While

the analyses (1) and (3) use the moving node strategy tracing the maximum moment

location, the analysis (2) uses the fixed node not moving from the center of a

member. The ultimate load factors and the moving node locations are compared

in Table 4. The ultimate load factors obtained from the analyses (1), (2), and (3) are

0.905, 0.933, and 0.867, respectively. The proposed analysis predicts precisely the

ultimate load factor with the error of 4.4% better than analysis (2) with the error

7.6%, compared with ABAQUS. While the maximum moment locations obtained

from the proposed analysis and ABAQUS 3.37 and 3.17 m from point A with

difference 6.3%, the analysis (2) show 19.8% difference in the location compared to

the ABAQUS result. Stress contour obtained by ABAQUS is shown in Fig. 11. The

load–displacements obtained by three analyses are shown in Fig. 12.
3.2.3. Vogel’s six-story frame

Fig. 13 shows a Vogel’s six-story frame. The yield strength of all members is

235 N/mm2 and Young’s modulus is 205 kN/mm2. Three analyses are carried out: (1)
Table 4

Analysis result of fixed-hinged beam-column

Method

Moving node method Fixed node method ABAQUS

Ultimate load factor 0.905 0.933 0.867

Location of moving node

from A

3.37 m 2.54 m 3.17 m



Fig. 11. Stress contour of fixed-hinged beam-column.
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second-order inelastic analysis considering distributed lateral load with moving node

(proposed); (2) second-order inelastic analysis using equivalent concentrated load with 4

elements per member; (3) second-order inelastic analysis using equivalent concentrated

load with 2 elements per member. The load–displacements calculated by three analyses

and Vogel’s plastic zone analysis are compared in Fig. 14. The ultimate load factors

calculated by four analyses are 1.131, 1.090, 1.088, and 1.111, respectively. The proposed
Fig. 12. Load–displacement of fixed-hinged beam-column.



Fig. 13. Vogel’s frame.
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analysis predicts a very close ultimate load factor compared with Vogel’s. While the

ultimate load factors calculated by analysis (2) and (3) are very close to that of proposed

analysis, the displacements of analysis (2) and (3) are considerably different from that of

proposed analysis. The locations of moving node calculated by proposed analysis are

shown in Fig. 15.
Fig. 14. Load–displacement of Vogel’s frame.



Fig. 15. Location of moving node.
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4. Case study

Fig. 16 shows a two-story frame subjected to the distributed gravity load and the

concentrated wind load. Each story is 4.572 m (180 in.) high, 6.096 m (240 in.) wide in the

x-direction, and 4.573 m (180 in.) wide in the y-direction. The member sizes of beams and

columns are W27!94 and W14!43, respectively. The yield stress used is 250 MPa

(36 ksi) and Young’s modulus is 200,000 MPa (29,000 ksi). Two analyses are carried out:
Fig. 16. Two-story frame.



Fig. 17. Load–displacement of two-story frame in the x-direction.
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(1) second-order inelastic analysis considering distributed lateral load with moving node

(proposed); (2) second-order inelastic analysis using converted concentrated load with 2

elements per beam. The load–displacements in x and y direction calculated by two

analyses are compared in Figs. 17 and 18. The ultimate load factors calculated by two

analyses are very close as 1.179 and 1.209, respectively. However, the displacements

between two analyses are considerably different up to about 20%.
Fig. 18. Load–displacement of two-story frame in the y-direction.
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5. Conclusions

In this paper, a practical second-order inelastic analysis of three-dimensional steel

frames subjected to linearly varying distributed lateral loads has been developed. The

conclusions of this study are as follows.
(1)
 The proposed analysis can practically account for all key factors influencing steel

frame behavior: gradual yielding associated with flexure and residual stresses and

second-order effect.
(2)
 Stability functions enable only one or two elements per member to capture second-

order effects which make the proposed analysis practical.
(3)
 The CRC tangent modulus and softening plastic hinge model consisting of member

forces predict inelastic behavior reasonably well.
(4)
 For Orbison’s six-story space frame, the load–displacement from the proposed

analysis compares well with Orbison’s ignoring shear deformations and Liew’s

considering shear deformations.
(5)
 When compared to plastic zone analysis, the location of the internal plastic hinge and

the ultimate load factor are accurately captured using moving node strategy.
(6)
 While the second-order inelastic analyses with the moving node and fixed node show

small difference of 3% in the ultimate load factors in case of the fixed-hinged beam-

column, they show big difference of up to 20% in the displacement for the case study.
(7)
 The proposed analysis can be used in lieu of the costly plastic zone analysis.
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