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384 7. First-Order Hinge-by-Hinge Analysis
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FIGURE 7.2. (a) Slope-deflection and (b) matrix analysis coordinates.
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These are the well-known slope-deflection equations. However, in a usual
structural analysis, it is more convenient to use a matrix analysis coordinate.
This transformation can be achieved by simply comparing member end
forces and end displacement in the slope-deflection coordinate with the ma-
trix analysis coordinate as shown in Fig. 7.2. The equilibrium relationship
between the end forces in these two systems has the form
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7.3. Stiffness Matrix for a Beam Element with a Plastic Hinge at End A4 385

The kinematic relationship between the end displacements in these two sys-
tems is .

[l & & <1 0 0] 4
e 1 1 4
6, b = fEp L 0 = Dniel (7.2.12)
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By including the axial force and axial deformation relationship in the slope-
deflection equation (7.2.10), the new slope-deflection equation can be ex-
pressed as

P EI; 0 0f (e
M uXl g, (1.2.13)
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The relationship between the end forces {r} and the end displacements {d}
can now be obtained by substituting Eq. (7.2.13) into Eq. (7.2.11) and substi-
tuting Eq. (7.2.12) in the resulting equation as
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7.3 Stiffness Matrix for a Beam Element with a Plastic
Hinge at End 4 :
When one plastic hinge is formed at end A4, then the incremental moment at

end A is zero. Using the condition that M, = 0 in the first matrix Eq. (7.2.10),
we obtain the kinematic relation in the incremental form as 8, = —6,/2.



386 7. First-Order Hinge-by-Hinge Analysis

Substituting this 6,.into the second equation of matrix Eq. (7.2.10) and then
rewriting it in matrix form, we have

M, EI[o 0](6,
{M:}z'f[o 3]{9,}' (7.3.1)

Including the incremental axial load and axial-deformation relationship in
Eq. (7.3.1), we have

P - -:- 0 Of (e
M, - 6, +. (1.32)
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This relationship can now be transformed into the matrix analysis coordinate
by using the end forces relation (7.2.11) and the kinematic relation (7.2.12) in
incremental form as
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7.4 Stiffness Matrix for a Beam Element with a Plastic
Hinge at End B

The incremental slope-deflection relation for this case can be derived in a
similar way to that of the previous case as

M, EI[3 0](é, '
PRI

Including the incremental axial load-axial deformation relation in Eq.
(7.4.1), we have

P & % 0 Of (e
M, Tle 3 0 0, %. (14.2)
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7.6. Stiffness Matrix for a Beam with an Intermediate Plastic Hinge 387

Using Egs. (7.2.11) and (7.2.12) in an incremental form for the transformation
to a matrix analysis coordinate, we have

-
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7.5 Plastic Hinges at Both Ends 4 and B

When plastic hinges are formed at both ends, no additional moment can be
applied at these ends, and the incremental slope-deflection relation becomes

(ed=o alfet

After transformation to a matrix analysis coordinate, the incremental force-
displacement relation becomes
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7.6 Stiffness Matrix for a Beam with an Intermediate
Plastic Hinge

To derive the stiffness matrix for a beam with an intermediate plastic hinge
(Fig. 7.3), we will use a slightly different approach. The stiffness matrix is
obtained directly in the matrix analysis coordinates by applying a unit dis-
placement along the specified degree of freedom. The corresponding stiffness
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